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① We want to show that the

r - neighborhood
DCZ.ir/-- { z / lz-z.hr}

is open .

i

- ↑ '

'

-
D

Write D= Dlzojr )
for notational simplicity

,

,

Pick some
ZED .

We now show 2- is an
\

"""ii. a. sea ,

interior point of D

and since 2- was

D is open .

Set { = r - I -2
- 2- ◦ I. ( see the picture)

we will show
that D,

=D (Zi E) ≤ D

[+
" EFE .

" Tiiéiiii
"

{ *11*-2-1<4)

Then I w - Zo /
= / W - Z tz - 2- ◦ / ≤

≤ I w - 2- It / 2-
- to / < Et / 2- - Zo /

tw
= r - IZ

- Zo / + IZ
- Zo / = r .

So
, I w - Zo I < r and hence WED

.

So
,
D
,
ED

.



④¥Éii%Why ?
r - neighborhood

if.is?iseoe?T
Let 1- = ¢-5 , the

For S to be
closed

we would need
T:÷÷÷÷: i

to be open .

For example
2 ET but

2 is not an interior

point of T since any

Points outside of
T.IE

,
2 is on the¥¥?

See the next page why this is true
.



Let's see how we could
prove

this

^
Tformally .
I 1/1r y

we show r#¥÷::¥÷÷±..is not

completely // ( (contained
in T no

matter

what r is .

So
,

2 is not
an interior point

ofT

and T
is not open

.

We may
assume that

r - $
.

since
shrinking E

just makes
a

Let 2- = 2
- E .

smallerdi.sc#

Then I z - 21=1
-El = Es r .

So
,
ZEDK ,

-

r )
.

Note that 2
- E is a real number

and

2- E > O [since
red

.

So
,

12-1=12 - El
= 2- E s 2 .

So
,
ZEIT,

since ZED (254
but not in

T,
and r was

arbitrary , 2
is not an

interior
point of

T .



④ Le't S = { ZEE ) IZ let } .

Let 's first show that
S is

not open .

Consider 1 ES
.

Let r > O
and

consider D ( Ij r
) .

then
.

'es#i
So there is

no

disc DCI,
-

r )

totally contained
in S .

Thus ,
IES but I is

not

an interior point
of s

so
,
S is not open .



We show that s is closed .

-

we give two methods n
f a

met@ '
f

Let T= E- 5={2-112471}
l l

l
l

If we show that T is open i•z
then S is closed . I

¥÷÷÷:÷:
"

DCZ ; r ) . If .

We will show /
'

-
-
-

I/
that DLZ ,

-

r) ET , and soften
V

Z is an interior point of T . Since z is arbitrary
this shows that

T is open .

Let WE Dfzjr )
we will show that Iwl >

I and hence WET

Suppose instead
that Iwl El .

If that were
the case

then

12-1=1 z --wt WI
E Iz - Wl

t Iwl

< rt
Iwl

wEzi# Iz I - I tlwl
⇐ IZ l

- I t I E IZ l
.

But then Izklzl . Contradiction
.

Hence

( w 171
and WEI

,
pen .



Methodic
Heres

'

another way to show that

T= Cl - S = { Z / I -21 > I} is open

and hence 5- { Z / Izl El } is closed
.

- Use the same

Let ze l ( pipgeiiouaptahe)
Let r=Izl

- l .

Since I 2- I > I we
have that r>

O .

We will show
that Dfzjr )

E T

and hence
Z is an interior point

of T .

This will
imply that T

is open since
z

was arbitrary
.

Let WED
(Zjr ) .

Then I Z
- w Isr .

Thus , 12-1=1 z -wt
w/ E IZ

-
wltlwl

< rt
Iwl = I -21 - I tlwl

So, 12-1<12-1
- I tlwl .

Thus
,

I slwl .

So
,
WET .

Thus, D (Z,
-

r ) E T as we wanted .



④ S = { 2- c- ¢ / Imc -21 > o }

sisopen.si#-coed .

↑
Lets shows µ /

±

HHis open .

I

Let 2-
= ✗+ iy ES .

We must
show that

Z

is an
interior point

of 5 . ⇐•••-••
since

ZES we know y=Im (z ) > 0 .
✓

Let D= Dczjyj

If we show
that DES

then this
shows

that Z is
an
interior point

of S .

Suppose we
D. [D=D(z;y)={w/

Iw - zlcy}]

we must
show that WES .

Then 1W - z / < y .

Suppose w= ✗
'
+ iy
!

gives
Plugging w= ✗

'

+ iy
' and 2- = ✗tiy into /w - 2- Icy

FÉ+É< is

Thus,
(✗

'
- ✗It ( y

'
-yjayz



Thus, (y'-y) y(x- x)2

But(x- x)0, thus y
=

(x- x1 y2

Thus, ('-y)< y
=(x- x)

=y.

So, ly'-y)"< y?

Thus, 253 <5
↓VE=1A y0

So, ly'-y)<y

Thus,
-ycy'-yay)acbcte

So,0 <y'< zy.
(w). Note: You do part

ofthis

Thus, Ocy'=Im proof in another
way.

So, wES.
Use:
-

Thus, DIS. Im(w- zil

So, Iis
an iinterior pointofS.

So, S is open.
Then proceed
-



We show that 5 is not closed .

Let F- E - S
= {Z / Imcz / ≤ o } .

Then
,
OET .

We show
that 0

is not

÷::::::::t.yiii.it?=iii--EiiFand hence
T is not open .

Let r> 0 .

Consider
w = E- e- .

Then , / w -
01=1%-1--1El / it

= I < r .

Thus
,
WE Dlojr ) .

However,
Im (w)=Im(Ot Ei)=E

> 0 .

So ,
w ¢-1T

thus ,
Dcoirl 4- T.



{zeal In# "off I
Let 's show that

S is
, ,

not open . ¥
Note that OES . 1,9

'

•I ifxojrj
We will show that

O is not an - fi,
interior point of

S and so ze
-

S is not open .

We will show
that no disc

centered at O

is completely
contained in S .

Let r > 0 .

Consider D. (Oj r) .

Let w=
-Ei .

Note that I w - o 1=1
-Ei 1=1

-

Ethel
- Esr

-
distance between

w
and 0

So
,
WE DO ; rt

And , Imho
) = Im (O

-Ei ) =
-Eso .

So
,
WIES .

Thus, no matter
what r > 0 we pick

Noir ) # s .

So, OES but not an
interior point of S .

So
,
S is not open .



s÷÷÷÷÷÷¥. .Same
as how

we

showed the
S in / 1 IT ( /

2cal is open,

except you 'll
need

to look at
- y

instead of y in

your picture .



-

⑧ S -- {ZEE / 2E REGIS 33
or I

s
1

Lets
'

show that , i

÷÷÷i÷÷÷. ) I
z is not an

interior#1gpoint of S .
And I 1

this shows
S is , -

,

E÷÷'s .ae#s.v
'II

Let x = 2
- F '

Then
,
1×-21=12-E

-21=1
-El -- Fer

so, XEDCZ ,
-

r )
.

But Re ( x)
=Re( 2-ratio )

- 2-EL 2

so
,
xcts . YusedIEThus
,
D( 2- r ) # S .

z -Zr

Ether choices



Sisclosed
since F- E

- S

is open . -
I-

this: tin
-

-

two parts .

= -
Shou the
-
-

left side is
-

open
and then

show the right
side is open [ like in

in 2GB
but more complicated

Then the union of the
two open

sets is open
and is T.



^④ ¢ is open .

Why ?

hint : ee .7So
,
Z is an interior /

point of
Cl .

Since z
was

arbitrary ,

¢ is open ,

[ You don't
need to pick

1 as

your radius, you
could pick any n >o ) ,

-



3lb )

In logic a statement

Axes ) ( Rx ) )

is true when Plxl is
true for every

XES.

Think about the clef of open :

S E Cl is open if the
following is

true :

(VZ Edt (If z es, then pz.i.is oaf ginthio)

what if 5=0 ? We have
this statement:

*ZEE) ( If zecf ,
then Zips , inferior)
-

always
falseIfP#QalwaysNe

Them since P is always
false

overall statement is true, so 4
is open .



④ ¢ is closed because

¢ - ¢ = ¢ is open (by 3lb ) )

④ ¢ is closed
becausee-∅=Eisopen(by3(
-



④ Let 2- ◦ c- ¢ .

Let 5- { Zo} .

Let 1-=
E - S = E- {zo}

we want to
show that T is open .

g-
^

Let ZET .

We want to
show

that 2- is an

interior point of
T .

÷::÷÷¥¥:i!÷Let D= DCZ ;
rl .

that D ≤
T

.

Let we
D= 1)Girl

= {wllw - 2- I < r } .

Then / W - Z / < r .

To show that
WET we need to

show that w≠
2- ◦



Suppose W = Zo -

gsincew
Then

r= / z - Zo / =/ Z
- W / < r

So
,
rcr

Contradiction .

7

Thus
,
W =/ Zo .

So
,
we 1- = 1C

- { z .} .

Thus
,

D ≤ T .

So
,

2- is an interior point
of T

So,
T is open .



#Let A and B be open sets in K

If ARB = 0, then AMB is open by

problem 3(b).

Hence, we may
assume AnB#P.

Let ECARR.
We show

that
= is an

interior point
of ANR.

Since ECANB
we Know

EtA and ECB.

Since ICA
and A is open,

we have
that I is

a

interior point
of A

-

A

- &

So, Jr, 70 - &

so thatT:& (zj r,)
=A S

Similarly,
since ↓

zeB and Ris - -
-

open
then Frz7O

with(zjr)=B.
1SEis

Let r =min9r,,53
them,
&(zir)<D(Ziri) IA and DCE;r)eD(Z;rn) =B

Su D(Zjr) <A1B. So, is an interior pointB. *



④ let A and B be closed

subsets of Cl .

Then

G - A is open
and

¢ - B is open .

Thus, gDeM%ga£¥tnIY
G- ( AUB )

- I- A)Me - B)

By 3 Cfl we have
that

¢ - ( AUB ) is open .


